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Abstract

This paper analyzes a scenario in which two objects are sold in sequence at two
second-price auctions. There are two bidders, and each bidder’s valuations of the two
objects are affiliated. Participating in each auction is costly. Bidders decide whether to
enter each auction, observing their entry decisions in any previous auction. We study
the properties of equilibria and provide a sufficient condition for their existence. Due
to affiliation, a bidder’s entering the first auction may signal his strong interest in the
second object. Hence, a bidder with a higher valuation of the second object tends to
participate in the first auction more aggressively in order to preempt the opponent’s
entry into the second auction. Because of this signaling motive, the sequential auction
format can generate higher revenue in the first auction and lower revenue in the second

auction than those obtained by the simultaneous counterpart.
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1 Introduction

Consider a scenario where related items (for example, paintings, antiques, and wines) are

put up for sale at sequential auctions and potential bidders face participation cost in each
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auction. Participating and bidding in an auction is a costly activity for a bidder, as it takes
time and effort to design a bidding strategy and execute it.! Since the items are related, it is
natural that a bidder’s valuations of the items are positively correlated. Hence, a bidder’s
active participation in earlier auctions may signal his high valuations of the later items.
Then, after observing a bidder’s active participation in earlier auctions, other bidders may
decide not to participate any more.? In other words, the presence of participation cost in
sequential auctions of related items creates the possibility of signaling and entry deterrence.
So a bidder who is eager to acquire an item sold at a later auction may benefit from
participating aggressively in earlier auctions. The objective of this paper is to present an
auction model in which bidders have an incentive for such signaling and entry deterrence
and study its implications on bidders’ equilibrium behavior and auction performance.

For analytical tractability, we consider a simple setting with two objects and two po-
tential bidders. The two bidders have independently and identically distributed private
valuations of the two objects. Each bidder’s valuations of the two objects are affiliated, so
that if a bidder has a high valuation of one object, his valuation of the other object is likely
to be high.® The two objects are sold at two second-price auctions held sequentially, one
object at a time. In each auction, bidders simultaneously choose whether to participate, and
in case a bidder participates, he submits a bid, incurring a cost. To simplify our analysis,
we assume that bidders learn only their entry decisions in the first auction before the second
auction begins. Under this assumption, it is optimal for a participating bidder to bid his
valuation of the object not only in the second auction but also in the first one. Then to
describe a bidder’s strategy, it suffices to specify his entry cutoffs for the two auctions, so
that a bidder enters an auction if and only if his valuation of the object exceeds the cutoff
for the auction.

Since a bidder participates in the first auction only when his valuation of the first object
exceeds his cutoff, a bidder’s entering the first auction signals his strength in the second
auction due to the affiliation assumption. In other words, a bidder who enters the first
auction is stronger in the second auction than one who does not enter in the sense that
the distribution of a bidder’s valuation of the second object conditional on that he enters
first-order stochastically dominates that conditional on that he does not enter. As a result,
by entering the first auction, a bidder can induce his opponent to adopt a higher cutoff in
the second auction, regardless of whether his opponent entered the first auction or not, and

this results in gains in his expected payoff from the second auction. Moreover, these gains

LA positive entry fee can also bring about a cost of participation.

2Von der Fehr (1994) points out that a bidder present in an auction house will not participate in an
auction actively if he believes his chance of winning at a price below his willingness to pay is small.

3In the auction literature, affiliation is usually assumed on different bidders’ signals in interdependent
values models (see, for example, Milgrom and Weber, 1982). In contrast, we impose affiliation on a single
bidder’s valuations of different objects in an independent private values model.



become weakly larger as a bidder’s valuation of the second object increases. In other words,
a bidder who has a high valuation of the second object has a stronger incentive to signal
his strength in the second auction, and thus he is more likely to enter the first auction.
This results in a bidder’s cutoff function for the first auction that is weakly decreasing in
his valuation of the second object. Note that the decreasing property of a cutoff function
reinforces the signaling effect. We characterize equilibrium cutoffs for the two auctions, and
we present a sufficient condition to prove the existence of equilibria applying the Schauder
fixed point theorem.

A natural benchmark to the sequential auction format analyzed in this paper is the
scenario where the two second-price auctions are held simultaneously. In the simultaneous
auction format, bidders obtain no information that would allow them to update their beliefs
about their opponents’ valuations, and a strategy is represented by two cutoffs for the two
auctions. We show that, in each auction, the equilibrium cutoff in the simultaneous auction
format is bounded by the corresponding ones in the sequential auction format. In the
sequential auction format, bidders become strong or weak in the second auction depending
on their entry decisions in the first auction. In the simultaneous auction format, in contrast,
no such inference is made. Thus, the equilibrium cutoffs for the second auction following
different histories in the sequential auction format are dispersed around the equilibrium
cutoff for the second auction in the simultaneous auction format. Due to the gains in the
second auction from entering the first auction in the sequential auction format, a bidder
with a high valuation of the second object participates in the first auction more aggressively
in the sequential auction format than in the simultaneous auction format, and this induces
a bidder with a low valuation of the second object to participate in the first auction less
aggressively in the sequential auction format. Thus, the equilibrium cutoff for the first
auction in the simultaneous auction format is between the maximum and minimum values
of the equilibrium cutoff function for the first auction in the sequential auction format.

We evaluate the performance of an auction by the four measures of the expected revenue,
the expected price conditional on that the object is sold, the expected bidder surplus, and
the expected social surplus. Since equilibrium cutoffs in the two auctions are entangled in
a complex way, it is difficult to calculate equilibrium cutoffs and compare the performance
measures in the sequential and simultaneous auction formats analytically. So in order to
simplify the calculation and make the comparison possible, we consider a simple scenario
where the two objects are identical providing an equal valuation (i.e., constant marginal
valuations) and each bidder’s valuation of the object is uniformly distributed on [0, 1]. With
identical objects, cutoffs for the first auction can be represented by a number rather than a
function. Due to the signaling and entry deterrence incentive, the equilibrium cutoff for the

first auction is lower in the sequential auction format than in the simultaneous counterpart.



This means that competition in the first auction is more intense in the sequential auction
format than in the simultaneous auction format, and thus the sequential auction format
yields a higher expected revenue, a higher expected price, a lower expected bidder surplus,
and a lower expected social surplus in the first auction. On the other hand, the sequential
auction format enables bidders to achieve coordination in the second auction using the
history in the first auction, and this mitigates competition and saves participation cost in
the second auction. Hence, the effects of the sequential auction format on the four measures
in the second auction work in the opposite direction to those in the first auction. Overall,
the effects on the second auction dominate those on the first auction, and thus the sequential
auction format improves the expected bidder surplus and the expected social surplus while
it reduces the expected revenue and the expected price summed over the two auctions. The
effects on the first auction are limited because the impact of more aggressive participation
by a bidder with a high valuation of the second object is partially offset by that of less
aggressive participation by one with a low valuation. The result that the expected price of
the first object is higher than that of the second one can shed light on the widely-observed
pattern of declining price sequences, which is known as the declining price anomaly (see, for
example, Ashenfelter, 1989). When bidders have a signaling and entry deterrence motive,
they participate in earlier auctions more aggressively, and this provides an explanation for
the declining price anomaly. This result also suggests that, when the objects are owned by
different sellers, sellers will prefer to have their objects put up for sale earlier, and there
will be competition among sellers to become the first seller.

This paper is related to the literature on auctions with costly participation. Lee and
Park (2016) briefly review existing studies in this literature. Among them, a closely related
paper to ours is Tan and Yilankaya (2006), who study a second-price auction with sym-
metric and asymmetric bidders. With slight adjustment, their analysis can be applied to
analyze the second auction in our model, where bidders can be symmetric or asymmetric
depending on their entry decisions in the first auction. As noted by Lee and Park (2016),
most existing studies in this literature assume that bidders make entry decisions simul-
taneously, and thus they cannot capture any preemptive motive. In contrast, McAdams
(2015) considers a second-price auction with multiple bidding rounds. Bidders with higher
valuations submit earlier bids in equilibrium, as they have stronger incentives to deter other
bidders’ participation. Lee and Park (2016) analyze a second-price auction where bidders
make entry decisions sequentially in an exogenous order. Due to participation costs, a later
bidder’s equilibrium entry cutoff exceeds that of any earlier participating bidder. So earlier
bidders have a preemptive advantage, and thus they are more likely to participate than later
bidders. Both McAdams (2015) and Lee and Park (2016) consider an auction of a single

object, while in this paper we study two auctions held sequentially to sell two objects. By



analyzing sequential auctions of two objects, we can address the preemptive effect of entry
across auctions, instead of that within an auction.

Since we examine sequential auctions of two objects, this paper also fits into the lit-
erature on multiple-object sequential auctions. Milgrom and Weber (2000) study various
forms of auctions, including sequential auctions, to sell multiple units of an identical object.
Assuming single-unit demand, they analyze equilibrium behavior, price sequences, and rev-
enue comparison. Weber (1983) discusses the case of multi-unit demand and auctions of
non-identical objects as well. Ortega-Reichert (1968) is an early work that studies a sig-
naling incentive in sequential auctions. He considers sequential first-price auctions of two
objects with two bidders in an independent private values setting. In his model, a bidder
has an incentive to bid low in the first auction in order to induce his opponent to bid low in
the second auction. So the signaling incentive works in the opposite direction to that in our
model.? Katzman (1999) studies sequential second-price auctions of two units of an identi-
cal object, where a bidder has multi-unit demand with diminishing marginal valuations. A
bidder’s winning in the first auction reduces his valuation in the second auction, and thus
the winning bidder in the first auction becomes relatively weaker in the second auction. So
there exists a symmetric equilibrium in which a bidder shades his bid in the first auction
below his valuation of the first unit. Lamy (2012) considers a generalization of Katzman’s
(1999) model in terms of the distribution of valuations and characterizes symmetric equi-
libria. Recently, Kong (2017) studies sequential auctions of two objects with synergy and
affiliation and performs a structural analysis. Due to synergy, a bidder’s winning the first
object increases his valuation of the second object, and this induces bidders to bid high in
the first auction in equilibrium compared to the case of no synergy.

This paper lies at the intersection of the above two literatures, and there are a few other
papers at this intersection. Von der Fehr (1994) considers sequential English auctions of two
units of an identical object where bidders have single-unit demand and face participation
costs. The highest bidding loser in the first auction wins the object at a low price in
the second auction, because some bidders will drop out from the second auction given
participation costs. Due to the information revelation in the first auction, bidders have an
incentive for predatory bidding in the first auction. Menezes and Monteiro (1997) examine
sequential second-price auctions of two objects where bidders can demand both objects.
They assume that a bidder learns his valuation of the second object only after the first

auction and that, if a bidder does not enter the first auction, he cannot participate in the

“In Ortega-Reichert (1968), a bidder’s valuations of two objects are positively correlated, as in our model.
If they are negatively correlated in our model, the signaling incentive will work in the opposite direction:
that is, a bidder with a high valuation of the second object will be more careful about entering the first
auction than one with a low valuation, as entering the first auction now signals his weakness in the second
auction. This observation suggests that the assumption of affiliation plays a key role in deriving our results.



second auction. With stochastically independent objects, they analyze bidders’ equilibrium
behavior. This paper also touches on the literature on preemptive bidding and signaling
in auctions. For example, Fishman (1988) studies a takeover bidding process in which
two bidders bid sequentially and shows that in equilibrium the first bidder may make a
preemptive high initial bid in order to signal his high valuation and deter the second bidder
from competing. Avery (1998) provides a rationale for jump bidding in an English auction
in order to signal one’s aggressive strategy. In comparison with these papers, our analysis
reveals that entry can play a signaling role and thus preemptive signaling behavior can exist
even in a scenario where bids are not disclosed.

The rest of this paper is organized as follows. We describe the sequential auction model
in Section 2, and we analyze bidders’ equilibrium behavior in Section 3. We compare the
sequential auction format and the simultaneous counterpart in terms of equilibrium cutoffs
and the four performance measures in Section 4, and we conclude and discuss possible

extensions in Section 5. All the proofs are relegated to an Appendix.

2 Model

A seller has two indivisible objects, called objects A and B. There are two potential
bidders, called bidders 1 and 2. Bidder i has valuation v¥ € [0,1] of object k, for i = 1,2
and k = A,B. The two bidders’ valuations (v{',vf) and (v{',v¥) are identically and
independently distributed following a probability density function f : [0,1]2 — R. We
assume that the joint density function f has full support on [0, 1]? and is continuous on its
support.” We assume that for each bidder i, the two valuations UZA and vZB are affiliated in

a strong sense, i.e., forany 0 <z <2’ <land 0 <y <y <1

fl@, ) f@'y) > f', ) f(z,y). (1)

Roughly speaking, our affiliation assumption means that if a bidder’s valuation of object A
is high, then his valuation of object B is likely to be high as well, and vice versa. When
there is no need to specify a bidder, we will use v* to denote a valuation of object k, for
k= A,B. We use fi and F} to denote the marginal density function and the marginal

cumulative distribution function, respectively, of v*, for k = A, B.

50ur analysis can be extended to the case where the support of f is a nicely-shaped proper subset of
[0,1]2. However, this requires more notations and the results get more complicated without adding much
insight. So we focus on the case of full support for analytic convenience.

5Tn fact, for our analysis, it suffices to have the inequality in (1) hold weakly and it hold strictly for all
(z,y) near (0,0) and all (z',3’) near (1,1) in the following sense: for any ¢ > 0, there exist an open ball
B € [0,1]? in the e-neighborhood of (0,0) and another open ball Bz € [0, 1] in the e-neighborhood of (1, 1)
such that f(z,y)f(z',y") > f(z',y)f(z,y’) for all (z,y) € By and all (z’,y’) € Ba. Refer to Eq. (17).



As an example that satisfies our assumptions on the distribution, consider the Clayton

copula whose joint cumulative distribution function is given by
Fz,y)= (@ +y = 1)1/ (2)

for (x,y) € [0,1]?, where § > 0. The support of the Clayton copula is [0, 1]2, and the joint
density f of the distribution satisfies the strict affiliation inequality (1) because

2 —0-1,—6-1
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for all (z,y) € (0,1)? (see Krishna, 2009, p. 285).

The seller holds two sealed-bid second-price auctions sequentially, first to sell object
A and then to sell object B. We refer to the auction to sell object k as auction k, for
k = A, B. Participating in an auction is costly, and a bidder incurs cost ¢* € (0,1) when he
enters auction k = A, B. The seller’s valuation of object k = A, B is denoted by r* € [0, 1].
We assume that ¢® + 7% < 1 for k = A, B. The seller sets a reserve price for object

* in order to avoid any object being sold at a price below

k = A, B equal to her valuation r
her valuation, and the reserve prices are known to the bidders. Let pf denote bidder ’s
payment in auction k if he wins, which can be the other bidder’s bid or the reserve price.
Bidder 4’s payoff in auction k is given by vf — pf — ¢ if he participates and wins, —c” if
he participates and does not win, and 0 if he does not participate. A bidder’s total payoff
is the sum of his payoffs in the two auctions.” Each bidder maximizes his expected payoff
given his information. Before auction A begins, each bidder learns his own valuations of the
two objects but not the other’s. In each auction, each bidder decides whether to participate
or not and makes a bid in case he participates. After auction A and before auction B, the
seller reveals the bidders’ entry decisions in auction A, but not their bids. After auction B,

the winning bidders and their payments in the two auctions are announced.

3 Equilibrium Characterization and Existence

In this section, we analyze bidders’ equilibrium behavior in the sequential auction model
described in Section 2. Provided that a bidder enters auction k, it is weakly dominant for
the bidder to bid his own valuation of object k. Hence, we focus on strategies in which a
bidder bids his own valuation when he enters an auction. Then the remaining things to
specify in a strategy are a bidder’s entry decision rules in the two auctions. Using a standard

envelope theorem argument, we can see that bidder i’s expected payoff from participating

"Note that bidders are not subject to budget constraints in our model. For an analysis of multiple-object
sequential auctions with budget constrained bidders, see, for example, Benoit and Krishna (2001).



in auction k is nondecreasing in vf . Thus, it is natural to focus on cutoff strategies in which

a bidder enters auction k if and only if his valuation of object k exceeds some cutoff given
A

his information. There are four possible histories after auction A, and given a history, v;
does not affect bidder ¢’s payoff in auction B. So a bidder’s cutoff for auction B depends
on the history but not on his valuation of object A. In contrast, when making an entry
decision in auction A, a bidder considers not only his payoff in auction A but also that
in auction B, and thus his cutoff for auction A may depend on his valuation of object B.

Hence, we can represent a cutoff strategy by
(e7 600, 6027 eZO’ 622)

where e : [0,1] — [0,1] and €%, e, e, e € [0,1]. The function e describes a bidder’s
entry cutoff for auction A depending on his valuation of object B. That is, a bidder with
valuations (v4,v?) participates in auction A if and only if v* > e(v®). The real number
e denotes a bidder’s entry cutoff for auction B after neither participates in auction A, e
after the bidder does not participate in auction A while the other does, ¢ after the bidder
participates in auction A while the other does not, and e after both participate in auction
A.

We focus on a symmetric perfect Bayesian equilibrium in truthful bidding cutoff strate-
gies and call it simply an equilibrium. In the following proposition, we study equilibrium

cutoffs for auction B given a cutoff function for auction A.

Proposition 1. Suppose that the bidders use a cutoff function e : [0,1] — [0, 1] for auction
A such that e is nonincreasing on [0,1], is constant on [0,78 + ¢B] with e(0) > 0, and
satisfies e(vP) < 1 on some non-degenerate interval. Then there exist equilibrium cutoffs
(€20, €% €% ) for auction B such that € < e°, and any such equilibrium cutoffs satisfy
rB B <elo < e < el < e < 1, with € < e if and only if e(v?) > 0 for some vP >
rB 4+ ¢B. Suppose in addition that e(0) < 1, f is nonincreasing in the second argument, and
fl(y) f(x,y)dx is nonincreasing in y. Then equilibrium cutoffs for auction B are uniquely

e
determined.

Proposition 1 presents sufficient conditions for the existence and uniqueness of equilib-
rium cutoffs for auction B as well as their properties. The idea of the proof is as follows.
Given a cutoff function e used by a bidder for auction A, we can derive the cumulative dis-
tribution functions of his valuation of object B conditional on that he participates and does
not participate in auction A, and call them G(-|in) and G(-|out), respectively. A bidder’s
participation in auction A means that his valuation of object A is high enough to exceed his
cutoff, which suggests a high valuation of object B by our assumption of affiliation. Fur-

thermore, when e is nonincreasing, entering auction A is more likely when the bidder has a



high valuation of object B. These two effects imply that G(-|in) first-order stochastically
dominates G(-|out) in a strong sense (i.e., G(z|in) < G(z|out) for all z € (0,1)). Then,
in the language of Tan and Yilankaya (2006, Sec. 4), entering auction A makes a bidder
“strong” in auction B, while not entering makes him “weak.”

We can characterize equilibrium cutoffs for auction B by considering the cases of sym-
metric and asymmetric bidders as in Tan and Yilankaya (2006).8 After both bidders par-
ticipate or neither participates in auction A, we have symmetric bidders with distribution
G(]in) or G(-|lout). There is a unique symmetric equilibrium cutoff in each of these cases
(cf. Proposition 1 of Tan and Yilankaya, 2006). After only one bidder participates in auc-
tion A, we have asymmetric bidders where the bidder participating in auction A is strong
and the other bidder is weak. We focus on “intuitive” equilibria, as named by Tan and
Yilankaya (2006), in which the strong bidder is more likely to participate than the weak
one (i.e., €° < ). As in Proposition 4 of Tan and Yilankaya (2006), we can establish the
existence of intuitive equilibria, but they may not be unique.

The order of the equilibrium cutoffs, € < €% < e < e, is intuitive.? First, let us
compare the two cases of symmetric bidders. When high valuations are more likely, bidders
will be more cautious about entering, which leads to e®® < e?. Also, when facing the same
type of the other bidder, a strong bidder will be more aggressive than a weak bidder, which
leads to € < e and e? < ¢°. The most optimistic scenario for a bidder participating in
auction B is that the opponent never participates, which gives him the payoff v — 78 —¢B.
Hence, a bidder with valuation v® < rB 4 ¢B has no incentive to participate in auction B,
and the equilibrium cutoffs should be at least as large as 78 + ¢B.

As mentioned above, symmetric equilibrium cutoffs in the cases of symmetric bidders are
uniquely determined, while intuitive equilibria in the cases of asymmetric bidders may not
be unique. By Proposition 4 of Tan and Yilankaya (2006), we can establish the uniqueness
of intuitive equilibria if G(-|in) and G(-|out) are both concave on [0, 1]. The derivative of
G(-|out) at z is proportional to foe(z) f(x, z)dx. Since e is nonincreasing, the assumption that
f is nonincreasing in the second argument guarantees that foe(z) f(z, z)dx is nonincreasing
in z, making G(-|out) concave on [0,1]. For G(:|in) to be concave on [0, 1], the support of
G(-|in) needs to be [0, 1], which is implied by the assumption that e(0) < 1. The derivative
of G(:|in) at z is proportional to fel(z) f(x,z)dx. The assumption that fel(y) f(x,y)dx is
nonincreasing in y implies that G(-|in) is concave on [0, 1]. So the additional assumptions

guarantee that there exists a unique intuitive equilibrium in the cases of asymmetric bidders.

8 A difference with Tan and Yilankaya (2006) is that they assume that the distributions of valuations have
full support on [0, 1] while in our analysis G(:|in) and G(-|out) have supports [vZ, 1] and [0, 77], respectively,
where 0 < v® < 7P < 1.

9While Proposition 1 shows that we have e’® = e°® when e(v?) = 0 for all v® > r? + ¢, Proposition 2
proves that any equilibrium cutoff function e for auction A does not satisfy this property and thus e < e°°
must hold in equilibrium.



Moreover, by Proposition 5 of Tan and Yilankaya (2006), the concavity of G(-|out) implies
that there is no equilibrium other than the intuitive equilibrium.!°

The concavity of a distribution function means that smaller values have higher probabil-
ity density. So f being nonincreasing in the second argument is necessary for both G(-|in)
and G(-|out) to be concave on [0,1] at the same time. Moreover, if f is decreasing in the
second argument and e does not decrease too rapidly, fel(y) f(x,y)dx will be nonincreasing in
y. While the sufficient condition to obtain the uniqueness result in Proposition 1 is strong,
that to obtain the existence result is mild. In the next proposition, we study the properties

that any equilibrium cutoff function for auction A should possess.

Proposition 2. Suppose that (e, e, e, e, e is an equilibrium such that e is continuous
almost everywhere and rB 4B < elo < e < et < % < 1. Then e < €%, e is continuous
and nonincreasing on {v? € [0,1] : e(v?) > rA}, it is constant on [0, %] with e(0) > rA+cA
and decreasing on [, e N {vB € [0,1] : v < e(vP) < 1}, and it is continuously differen-
tiable on {vP € [0,1] : r4 < e(vB) < 1} except at €, e, €', and . Moreover, e belongs
to one of the following three cases:

(i) e(vB) > r4 for all vB € [0,1], and e is constant on [ 1],

(ii) There exists T € (€%, e”) such that e(v?) > r4 for allv® € [0,75), lim,5_, 58y~ e(vPB) =
r4, 0 < e(@P) <14, and e(vB) = 0 for all vP € (BB, 1],

(iii) e(vB) > rA for all vB € [0, %), lim,, B, (coiy - e(vB) =14, and 0 < e(wB) < rd for all
vB € [e?)1].

In each case, if e(vB) = 1 for some vP € [0,1], then the set {vP € [0,1] : e(vB) = 1} is

equal to [0,v5] for some vP € [e%, ei).

Proposition 2 describes the properties of an equilibrium cutoff function for auction
A. Below we explain how to derive them. Consider a bidder with valuations (v4,v?),
and suppose that the other bidder uses a cutoff function e for auction A while the two
bidders use equilibrium cutoffs (%, e, e, ¢¥) for auction B given e. Let w4 (v4) be the
bidder’s expected payoff in auction A provided that he participates. If v4 < 74, the bidder
has no chance of winning object A even when he participates in auction A. So we have
74 (vA) = —c for all v4 < 74, As the bidder has a higher valuation of object A in [r4, 1],
he obtains a higher expected payoff from auction A, that is, 74 (v?) is increasing in v4 on
[r4,1]. Let II®(v?) be the bidder’s payoff gain in auction B from participating in auction
A (before learning the other bidder’s entry decision in auction A). By entering auction A,

the bidder can make himself stronger in auction B, which raises his opponent’s cutoff for

The concavity of G(-Jin) and G(-|out) also implies that there is no asymmetric equilibrium in the
cases of symmetric bidders (see Proposition 2 of Tan and Yilankaya, 2006). Hence, under the additional
assumptions, there is a unique equilibrium in each case of symmetric bidders even if we do not focus on
symmetric equilibria.

"'More precisely, e(v?) = 0 for almost every v? € [67,e"] if 72 € (e, e").

10



auction B. Facing a higher cutoff of the opponent has two beneficial effects. The bidder
is more likely to win, and his payment can become lower. So participation in auction A
induces a higher expected payoff in auction B, that is, II®(v?) > 0 for all v® € [0,1].
Moreover, the bidder’s gain in auction B weakly increases in his valuation of object B, that
is, IT% (vP) is nondecreasing in v2 on [0,1]. When v is very low (i.e., v® <€), the bidder
never participates in auction B regardless of the entry decisions in auction A. Thus, there
are no gains in auction B from participating in auction A for sufficiently low vZ. When v?
is very high (i.e., v® > e°), the bidder always participates in auction B. In this case, the
probability of winning object B is not affected by whether the bidder enters auction A or
not, but his participation in auction A may reduce the payment. Hence, there are positive
gains in auction B from participating in auction A, but the magnitude is independent of
vB for sufficiently high 2. So we have constant IT” on the intervals [0, €] and [e%, 1] with
12(0) = 0 and I12(1) > 0.

When making the entry decision in auction A, the bidder compares 74(v4) + 117 (vP)
with 0. He prefers to enter auction A if and only if 74 (v4) + IIZ(v?) > 0. So when the
equilibrium cutoff e(v?) is in the interior of [0,1], a bidder of the cutoff type should be
indifferent between participating in auction A and not participating, that is, ﬂA(e(vB ) +
12 (vP) = 0. Since 74 is increasing on [r4, 1], the shape of the equilibrium cutoff function
e reflects that of IIZ in the region where r4 < e(v®) < 1. In particular, in this region,

©0

, eoi]

e is continuous, constant on [0,e*] and [e”, 1], decreasing on [e , and continuously

differentiable except at e*°, €%, €%, and e°.

By comparing IT?(1) and ¢#, we can consider three cases, which are illustrated in
Figure 1. The first case is where II%(1) < ¢?. In this case, the participation cost for
auction A is not so small that only a bidder whose valuation of object A exceeds the reserve

price rA

enters auction A. That is, we have e(v?) > r4 for all P € [0,1]. The second case
is where IT2(1) > ¢*. In this case, the participation cost for auction A is so small that a
bidder with a sufficiently high valuation of object B finds it profitable to enter auction A
regardless of his valuation of object A. In other words, a bidder with a high v? obtains a
large gain in auction B from entering auction A, and so he is willing to enter auction A
even when he has no chance of winning object A. In this case, there is a threshold type
7B € (e%,e%) such that e(v?) > r4 for all v® < TP and e(vP) = 0 for all v% > T8, A
bidder with v* < 4 and v? > ©P participates in auction A just for the signaling purpose
without any intent to obtain object A.'? Lastly, the third case is where II®(1) = ¢4. Since
12 is constant on [¢%,1] and 74 (vA) = —¢? for all v € [0,74], a bidder with valuations

(v4,vB) € [0,74] x [e”, 1] is indifferent between entering and not entering auction A. Hence,

12This feature is analogous to indicative bidding in that the first stage serves the purpose of signaling for
the second stage. However, signaling is costly in our model, whereas indicative bidding is nonbinding and
thus involves no cost. See Quint and Hendricks (2018) for an analysis of indicative bidding.
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in this case, we cannot pin down the values of e on [e”, 1] from the indifference condition.
In contrast, in the previous two cases, the indifference condition determines e completely
on the entire interval [0, 1] (at least almost everywhere).

We can regard the last case as a degenerate case and the first two as non-degenerate. It
can be checked that, in the first two cases, any equilibrium cutoff function e for auction A
satisfies the sufficient condition for the existence result in Proposition 1. In the third case, e
may not be nonincreasing on [e%, 1], but as long as the supports of the induced distributions
G(:]in) and G(-|out) are intervals and G(z|in) < G(z|out) holds on their intersection, we
can establish the existence result following the proof of Proposition 1.

Note that Propositions 1 and 2 do not prove the existence of an equilibrium cutoff func-
tion for auction A. Rather, they suggest the following fixed point argument. Proposition 1
shows that, under some conditions, there exist (unique) equilibrium cutoffs for auction B.
Proposition 2 uses the indifference condition for an equilibrium cutoff function for auc-
tion A to characterize it. So given a cutoff function e for auction A, we can determine
equilibrium cutoffs for auction B as in Proposition 1. Using the indifference condition as
in Proposition 2, we can obtain a best-response cutoff function, say Te, to e. Then any
fixed point of the mapping 7" is an equilibrium cutoff function for auction A. In the next
proposition, we present a sufficient condition to apply a fixed point theorem and thereby
establish the existence of an equilibrium. Before stating the proposition, we introduce some
preliminaries.

Let f = SUP(zy)efo,1]2 f(,y). Since f is continuous and [0,1]? is compact, f is finite.

Let
// a:ydxdy—{—// :Cy)dacdy—c

for all v4 € [r4,1]. Note that 7 is continuous and increasing on [r4,1] with 74 (r4) =
—c* < 0. In the next proposition, we will assume that ¢* < (1 —74) — f:A( ) A(x)dx,
which means (1) > 0. So under this assumption, there is a unique number €4 € (r4,1)

such that 74(e4) = 0. Let

1 vA
/ / )fagdsdy+ [ [ (v — 2)f(a, y)dady —
0 Jmin{ed w4}

for all v4 € [ ,1]. The function 7 is continuous and increasing on [r, 1] with =4 (v4) <
7 (vd) < vt—rd—cA forallv? € (r4, 1]. Hence, there is a unique number e € (r4+c4,e?)
such that 7 (e?) =

13



Proposition 3. Suppose that

1

1
/ (v — ) fo(y)dy < ¢ < (1—r) - / (& — ) fa()da

B+CB rA

and that

rB4cB 1 rBicB red
A==t [0 [ ey [0 [ fe iy @)

Then there exists an equilibrium (e, e, e, e, e?) of the sequential auction format.

To prove Proposition 3, we apply the Schauder fixed point theorem to the aforementioned
mapping 7. To this end, we need to choose the space of cutoff functions for auction A as a
nonempty compact convex subset of a Banach space. To have a Banach space, we consider
the set of continuous functions on [0, 1] equipped with the uniform norm. As discussed
regarding Proposition 2, when ¢# is so small that ¢4 < II®(1), e can be discontinuous at
vP such that TI®(vP) = ¢A. So in order to guarantee that e is continuous, we assume that
¢ is not so small in Proposition 3.13 At the same time, we assume that ¢ is not so large
that a bidder with sufficiently high v# enters auction A regardless of his v (i.e., e(0) < 1).
Since e(0) > 74 + ¢4, a bidder enters and does not enter auction A with positive probability,
making the conditional distributions G(-|in) and G(-|out) well-defined. The assumption in
(3) is made to guarantee the uniqueness of equilibrium cutoffs (e, €¥°) for auction B with
asymmetric bidders. Without their uniqueness, the mapping 7" becomes a correspondence.
But there is no guarantee that it is convex-valued, and so the Kakutani-Fan—Glicksberg
fixed point theorem cannot be applied. Note that, since €4 and e” are independent of ¢
and 72, the assumption holds true when ¢ € (0, 1) is sufficiently small and r? € [0,1— )

is sufficiently large.

4 Comparison with Simultaneous Auctions

4.1 Comparison of Equilibrium Cutoffs

A natural benchmark scenario to our setup is the one where the two auctions are held
simultaneously (or equivalently, no information is revealed between the two auctions). In
this scenario, there is no interdependence between the two auctions, and thus we look for a

symmetric cutoff equilibrium in which a bidder uses a constant, single cutoff in each auction.

13 An alternative assumption to guarantee the continuity of e is that 4 = 0.
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Then the equilibrium cutoff e for auction k is characterized by
(e —rF)Fy(ef) = ", (4)

for k = A, B. Since the marginal distribution of v* has support [0, 1], there exists a unique
equilibrium cutoff e¥ € (r* 4 ¢*,1) for each k = A, B. In the following proposition, we

compare equilibrium cutoffs for the sequential and simultaneous auction formats.

Proposition 4. Suppose that (e,e%, e, e, e?) is an equilibrium of the sequential auction
format such that e is nonincreasing and 8 + B < €° < €% < € < €% < 1. Suppose
that (eA, eP) is the symmetric cutoff equilibrium of the simultaneous auction format. Then
e(1) < et < e(0) and e < eP < €.

In the simultaneous auction format, a bidder cannot update his belief about his oppo-
nent’s valuation of object B, and thus he uses the unconditional marginal distribution F.
Since Fp lies between G(-|in) and G(-|out), we have e® < eP < €. Since e is nonincreasing
with e(0) > e(1), a bidder’s expected payoff in auction A would increase (resp. decrease) if
the other bidder adopts the constant cutoff e(0) (resp. e(1)) instead of e for auction A in
the sequential auction format. This observation leads to e(1) < e4 < ¢(0). A bidder with a
high valuation of object B benefits from entering auction A in the sequential auction format,
whereas there are no such gains in the simultaneous auction format. Thus, a bidder with
a high valuation of object B enters auction A more aggressively in the sequential auction
format than in the simultaneous one. This in turn induces a bidder with a low valuation of
object B to refrain from participating in auction A in the sequential auction format. Also,
the simultaneous auction format prevents any inference about the opponent’s valuation of
object B, and thus the equilibrium cutoff for auction B in the simultaneous auction format
lies in the middle of the equilibrium cutoffs following different histories in the sequential

auction format.

4.2 Comparison of Auction Performance

As pointed out in the aforementioned fixed point argument and also as can be seen from the
proofs of Propositions 1 and 2, equilibrium cutoffs for the two auctions depend on each other
in a complicated manner. Moreover, even under the strong assumptions in Proposition 3,
there is no guarantee that an equilibrium is unique. Hence, it is difficult to solve for an
equilibrium and compare the performance of the two auction formats analytically. So in
order to simplify the calculation of equilibrium cutoffs and make the comparison possible, we
consider the following particular scenario. The valuations (v4, v?) are distributed according

to the Clayton copula, as given by (2). The participation costs for the two auctions are the
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same (i.e., ¢ = c¢P), and we denote the common cost by ¢ € (0,1). The objects have no
value to the seller, and thus there are no reserve prices (i.e., r4 = 7% = 0).

By the defining property of a copula, the marginal distributions of v and v? are uniform
on [0,1]. Hence, the equilibrium cutoffs for the simultaneous auction format, characterized
by (4), are given by e4 = eP = \/c, regardless of § > 0. As § — 0, F(x,y) approaches to
xy, which corresponds to the case of stochastically independent objects. As § — oo, F(x,y)
approaches to min{z, y}, which corresponds to the case of identical objects (i.e., vA = UB).
Thus, the parameter § can be interpreted as the degree of affiliation between v and v%.
Although the two limiting cases violate some of our assumptions on the distribution, they
are convenient to analyze and the results of the analysis of them are illustrative of the
forces created by the sequential auction format. Moreover, by a continuity argument, we
can expect that the results would remain close to those from the limiting cases when 6 is
sufficiently close to 0 or sufficiently large. Hence, in the following, we study the two limiting

cases.

4.2.1 Identical Objects

Suppose that each bidder’s valuations are the same across the two objects (i.e., UZA = viB for
i = 1,2) and that each bidder’s common valuation of the objects is uniformly distributed on
[0,1]. For any nonincreasing cutoff function e for auction A, there exists a unique number
e* € [0,1] such that a bidder with v4 = v® > e* enters auction A and one with v* = v8 < ¢*
does not. So with identical objects, we can describe a cutoff strategy for auction A by a
number e¢* instead of a function. If a bidder participates in auction A, the other bidder
believes that the bidder’s valuation of object B is distributed uniformly on [e*, 1]. Similarly,
if a bidder does not participate in auction A, the other bidder believes that the bidder’s
valuation of object B is distributed uniformly on [0, e*]. The equilibrium cutoffs e® and e

for auction B given e* € (0,1) can be obtained as

i €+ \/(e*)2 +4(1 —e*)c
©= 2
and

e = max{Ve*c, c}. (5)

When one bidder participates in auction A and the other does not, the participating bidder
is believed to have a higher valuation of object B than the non-participating bidder, and
thus, at equilibrium, the participating bidder is expected to participate in auction B while

the non-participating bidder is not. So the equilibrium cutoffs € and e for auction B
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given e* € (0,1) can be obtained as € = ¢ and e = min{e* + \/2(1 — e*)c, 1}. Using the
equilibrium behavior in auction B given e*, we can show that ¢ < e¢* < 1 in equilibrium,
and the indifference condition that determines the equilibrium cutoff e* is given by
*\2 *) 2 * 00 % 1 * 00\2 *
(") —c+ (e")* —e'c =€ —1-5(6 —e%)" —¢ee.
Together with e®® = v/e*c in (5), this condition yields the equilibrium cutoff for auction A

as

. CcHVEAE+24c
=
6

It can be verified that ¢ = € < €% < e* < \/c < e < e < 1 at equilibrium.

We evaluate an auction by the expected revenue of the seller, the expected price of the
object conditional on that it is sold, the expected surplus of the bidders, and the expected
social surplus. For auction k¥ = A, B, we denote these four measures by R*, P* BS*,
and SS*, respectively, while we use SEQ for the sequential auction format and SIM for
the simultaneous auction format in the subscripts. For auction A in the sequential auction

format, we can obtain the following expressions for these measures:

Répg= (- P2l oL (@4 2, (©
(1—e*)?2e*+1 1 2(e*)?

Pibo = 1= (er)2 3 3 3(1+er) @)

BSfng = 3 + (&) —5(e)° —2(1 —e)e, (®)

55850 = 2 (1 - (&)%) ~2(1 ). (9)

We interpret the participation cost as the value of resources spent by a bidder, not as a fee
paid to the seller. Thus, the incurred participation cost is incorporated in the calculation

of bidders’ surplus and social surplus, but not in the seller’s revenue. The measures for
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Figure 2: Equilibrium Cutoffs in the Case of Identical Objects

auction B can be computed as follows:

REEQ —(- eii)2 26”3—1— 1 F(e" = 600)226003+ 6*7
B
PSBEQ —1_ (eoo)fiE(Qeii )2
5580 = 3(1— (")) + € (€ = (€)%) + 2 ()~ (¢)?)
—2(1 — e®)e — 2e*(e" — %),

BSEEQ = SSSBEQ - RgEQ'

As mentioned before, the equilibrium cutoffs are given by ¢4 = ¢# = \/c in the simulta-

neous auction format. The measures for each auction can be computed as in (6)—(9) with

the cutoff e* replaced by +/c, which gives

1 2
R?{M:Rngzg—C—i‘ gcﬁa

1 2 c

Py =PEy=5—-=

SIM SIM = 3 311 ./c

1 2
BSgn = BSE = 37 ¢T gcﬁa

2 4
SS?IM = SSg[M = g — 2C+ gC\/E
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Figure 3: Four Measures in the Case of Identical Objects
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Figure 2 depicts the equilibrium cutoffs e*, €', €%, and e = ef = V¢ as ¢ is varied from

0.01 to 0.99. We can verify the relationships ¢ < e® < e* < /c < ¢ < 1. Figure 3 plots the
four measures for auctions A and B in the two auction formats. As the participation cost ¢
increases, the equilibrium cutoffs increase as well, making bidders less likely to participate in
the auctions. Thus, the expected revenues and the expected prices in both auctions reduce
as c¢ increases. Less participation has a beneficial effect on the expected bidder surpluses
and the expected social surpluses because it reduces the likelihood of incurring participation
cost.'* However, this beneficial effect is dominated by the loss due to less trade. So the
expected bidder surpluses and the expected social surpluses decrease as well, as ¢ increases.

The relationship e* < /¢ shows that bidders are more likely to participate in auction
A in the sequential auction format than in the simultaneous auction format. This is due
to the preemptive entry motive existent in auction A of the sequential auction format,
and it leads to the higher expected revenues and the higher expected prices in auction
A in the sequential auction format than in the simultaneous one. At the same time, the
expected bidder surpluses and the expected social surpluses in auction A are lower in the
sequential auction format than in the simultaneous one, because aggressive participation
induces a higher total incurred participation cost. The sequential auction format allows
more coordination among bidders in auction B based on information disclosed after auction
A. This weakens competition and results in the lower expected revenues and the lower
expected prices in auction B in the sequential auction format than in the simultaneous
one. Meanwhile, coordination allows bidders to avoid incurring participation cost, and thus
the expected bidder surpluses and the expected social surpluses in auction B are higher in
the sequential auction format than in the simultaneous one. Figure 3 also reveals that the
impacts of using the sequential auction format on auction B dominate those on auction
A. Overall, information provided in the sequential auction format improves the expected
bidder surpluses and the expected social surpluses, while it reduces the expected revenues
and the expected prices. Thus, the seller does not gain by holding auctions sequentially
at least in this simple model of identical objects, but if she can extract some of bidders’
surpluses, for example, by setting a positive reserve price or an entry fee, she may benefit

from using the sequential auction format.

4.2.2 Independent Objects

Suppose that each bidder’s valuations of objects A and B are independently and uniformly
distributed on [0, 1]. In this case, no inference can be made about a bidder’s valuation of

object B from his entry decision in auction A. As a result, there is no preemptive entry

141t can be shown that the graph of the expected total incurred participation cost as a function of ¢ is
reverse U-shaped for each auction in the two auction formats.
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motive in auction A (i.e., 1 (v?) = 0 for all v¥ € [0, 1]), and the equilibrium cutoff function
for auction A is constant at /c (i.e., e(v?) = \/c for all vP € [0,1]). Because the distribution
of vB is not updated after auction A, the equilibrium cutoffs for auction B do not depend
on the history and are given by e® = ¢” = ¢ = ¢’ = ,/c. So there is no difference between
the results of the sequential and simultaneous auction formats in the case of stochastically
independent objects. This is because information disclosed in the sequential auction format
has no impact on bidders’ decisions.

The four measures for auctions A and B are given as in (10)—(13) in both the sequential
and simultaneous auction formats. While the expected values are the same for the cases of
identical objects and independent objects in the simultaneous auction format, the realized
outcomes are different. With identical objects, the outcomes (i.e., who participates, who
wins, and how much the winner pays) are the same across the two auctions. In contrast,
with independent objects, the outcomes can differ across the two auctions. By comparing
the cases of identical objects and independent objects in the sequential auction format, we
can expect that the effects of using the sequential auction format on the equilibrium cutoffs

and the four measures will be diminished as affiliation between v and vB gets weaker.

5 Conclusion and Possible Extensions

In this paper, we studied sequential second-price auctions of two objects with two bidders.
The two key elements of our model are affiliation between a bidder’s valuations of the two
objects and the presence of participation cost. These elements make it possible for a bidder
to signal his strength and limit his opponent’s entry in the second auction by entering the
first auction. As a result, a bidder who is eager to acquire the second object participates
in the first auction aggressively. Intensified competition in the first auction due to the
signaling motive leads to a higher expected revenue and a higher expected price compared
to the simultaneous auction format. On the other hand, competition in the second auction
is weakened because bidders can achieve coordination using their entry decisions in the
first auction. This results in a higher expected bidder surplus and a higher expected social
surplus in the second auction. The signaling incentive also provides an explanation for the
declining price anomaly.

We close this paper with possible extensions and modifications of our model. To sim-
plify our analysis on the bidding stage of each auction, we focused on second-price auctions
assuming that only entry decisions are revealed after the first auction. However, in the real
world, other forms of auctions such as first-price auctions and English auctions are widely
used for sequential auctions with more information—for example, the winner and his pay-

ment, and all bids—disclosed after each auction. Suppose that first-price auctions are used
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instead of second-price auctions in our model. Then when bidders are asymmetric in the
second auction, a weak bidder tends to bid more aggressively than a strong bidder (see, for
example, Krishna, 2009, Proposition 4.4). While a weak bidder participates less aggressively
in the second auction, he bids more aggressively when he participates. Thus, the gain from
becoming a strong bidder in the second auction will be reduced, leading to less aggressive
participation and bidding in the first auction by a bidder with a high valuation of the second
object. Next, suppose that, in addition to entry decisions, all or some of bids in the first
auction are disclosed before the second auction. Then a bidder can signal his strength not
only by entry but also by a high bid. So it will induce bidders to bid more aggressively in
the first auction. We can also relax the assumption of stochastic independence of the two
bidders’ valuations. Suppose instead that the two bidders’ valuations of the second object
are affiliated. Then a bidder with a high valuation of the second object expects that the
other has a high valuation too, and so he will be more cautious about participating in the
second auction. This will lessen the gain from signaling. We can consider an alternative
scenario where a bidder can observe his opponent’s entry decision only when he participates
in the auction. In this scenario, a bidder can deliver a signal only when the other bidder
participates, and thus the signaling incentive will be reduced again.

Lastly, we can investigate the seller’s strategic behavior. The seller can set the reserve
prices above her values to increase the revenues. It is possible that the seller chooses the
reserve price for the second object depending on her observation from the first auction, but
for simplicity, suppose that the reserve price for the second object is independent of the
history in the first auction. As the reserve price for the second object gets lower, equilibrium
cutoffs for the second auction following different histories will become more dispersed, and
this will amplify the gain from signaling. On the other hand, as the reserve price for the
first object gets higher, a bidder’s entry into the first auction will act as a stronger signal
for his strength, and thus a bidder with a high valuation of the second object will be more
inclined to enter the first auction. This observation suggests that the seller may benefit
from setting a high reserve price and collecting an entry fee in the first auction. In this
paper, we fixed the order of the objects put up for sale at the two auctions, but the seller
may select the order in her favor. In the simple scenario we analyzed, the simultaneous
auction format is superior to the sequential auction format in terms of the total revenue.
So studying the question of which order of sale to choose will be more meaningful in an
alternative scenario where, for example, the seller sets a reserve price and an entry fee or
has a different objective than maximizing the total revenue. Answers to this question will

depend on the particular scenario to be analyzed.
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A Appendix: Proofs of Propositions

Proof of Proposition 1: Suppose that the function e : [0,1] — [0,1] is nonincreasing
n [0, 1], is constant on [0,77 + ¢B] with e(0) > 0, and satisfies e(v®) < 1 on some non-

degenerate interval. For all z € [0, 1], let

fo f[) dxdy (14)

G(z|out) =
fo fo y)dady

and

z rl
Ii fe(y) ,y)dxdy

G(z|in) = fo f dmdy

(15)

Since e is monotonic, it is continuous almost everywhere. Since f is continuous, the integrals

foe(y) f(z,y)dx and fel(y) f(z,y)dx are well-defined for all y € [0,1] and continuous in y

almost everywhere. Hence, the integrals [ foe(y) f(z,y)dzdy and [ fel(y) f(z,y)dzdy are
well-defined for all z € [0, 1] and absolutely continuous in z. Since e(v?) > 0 on [0,77 + 5],
we have fol foe(y) f(z,y)dzdy > 0. Since e(v?) < 1 on some non-degenerate interval, we
have fol fel(y) f(z,y)dzdy > 0. Thus, G(z|out) and G(z|in) are well-defined for all z € [0, 1].
Note that G(-Jout) and G(-|in) are continuous and nondecreasing and satisfy G(0|out) =
G(0]in) = 0 and G(1l|out) = G(1]in) = 1. Hence, G(-lout) and G(-|in) can be regarded
as cumulative distribution functions. Let v® = inf{v? € [0,1] : e(v®) < 1} and ¥P =
sup{v? € [0,1] : e(v?) > 0}. Then 0 < vB <P <1 and v8 > B + cP. The distribution
G(-|out) has support [0,55], while G(-|in) has support [v?,1].

We show that G(z|in) < G(z|out) for all z € (0,1). If 2 < vP or 2 > ¥, the result
follows easily. So we can focus on z € (v®,97). Since both G(z|in) and G(z|out) are

( B 7B)7

positive for any z € (v”,77), G(z|in) < G(z|out) is equivalent to

1 1
R TS
GGlin) — Gzlout)

which in turn is equivalent to

11 e
fz fe(y) dlﬁdy f f (y)f dl‘dy
Jo o (@, )dxdy JE W f (@, y)dady
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This can be rewritten as

z 1 re(y) rl
/ / / / f@,y) f(2,y)da' dudy' dy
0 Jz JO e(y’)

z rl rey) rl
> / / / / f@ y)f (@, y)da'dedy'dy. (16)
0 Jz Jo e(y)

z 1l pe(y) rl
/ / / fl@,y) f(a',y)da' dudy'dy
0 Jz JO e(y’)
z 1 pre(z) rl
> / / / / fz,y)f(2',y')da' dwdy'dy
0 Jz JoO e(z)
z 1 pre(z) rl
> / / / / f@ y) f(@,y')da' dwdy'dy
0 Jz Jo e(z)

z 1 re(y) p1
> / / / / (& ) f (@, o) ddydy. (17)
0 Jz Jo e(y)

The first and the third inequalities in (17) hold since e is nonincreasing. Since e(z) > 0 for

Note that

z sufficiently close to 0 and e(z) < 1 for z sufficiently close to 1, the second inequality in
(17) follows from the affiliation inequality (1). Hence, the inequality in (16) obtains.

Next, we find equilibrium cutoffs for auction B given that both bidders adopt e as the
cutoff function for auction A. Suppose that neither participates in auction A. Then, after
auction A, each bidder believes that the other bidder’s valuation of object B is distributed
according to G(-|out). Then a symmetric equilibrium cutoff e® for auction B after this

history is characterized by
(€% — 1rB)G(e%|out) = P. (18)

Let A(v?) = (vP —rP)G(vP|out) for all vB € [P, 1]. Then ) is continuous and increasing on
[rB,1] with A(rZ +¢P) < P < A\(@P), and thus there exists a unique symmetric equilibrium
cutoff €® € [rB + B wB]. If 5P = rB 4 B, then we have e = rB + cB. If o8 > rB 4 B,
then we have A\(r® + c¢P) < ¢ < A(@?) and thus e € (r® + B, vP).

Suppose that both bidders participate in auction A. Then, after auction A, each bidder
believes that the other bidder’s valuation of object B is distributed according to G(-|in).

Then a symmetric equilibrium cutoff e’ for auction B after this history is characterized by
(e — rBYG(e'|in) = (P. (19)
Let p(vP) = (v8 — rB)G(vB|in) for all vP € [max{r?,vP} 1]. Then p is continuous and
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increasing on [max{r?,v?}, 1] with p(max{rf+c# vP}) < ¢# < (1), and thus there exists
a unique symmetric equilibrium cutoff e € (max{r®+cB,vP},1). Since G(z|in) < G(z|out)
for all z € (0,1), we have e® < e,

Now suppose that only one bidder participates in auction A. Then, after auction A,
the nonparticipating bidder believes that the participating bidder’s valuation of object B
is distributed according to G(:|in), while the participating bidder believes that the nonpar-
ticipating bidder’s valuation of object B is distributed according to G(-|out). In this case,

equilibrium cutoffs e and e® such that e’® < e are characterized by

(e —rB)G(e%|out) = P, (20)
(e — rBYG(ein) + / G(ylin)dy < ¢ (with equality if e < 1). (21)
For all v € [e®?, 1], let
B c”
o(v) =r"+ Glolout)” (22)

Since G(e°|out) > 0 and G(-|out) is nondecreasing, ¢(v) is well-defined for all v € [e??, 1].
The function ¢ is continuous, decreasing on [e°°, %] and constant on [07, 1] with ¢(e°) =
e® and ¢(1) = rB + cB. For all v € [e, 1], let

() = (6(0) = P)G()in) + [ Glylindy. (23)
o(v)

Since ¢ and G(-|in) are continuous, x is continuous. Since ¢(e®) = e, we have k(e”) =
(e? — rB)G(elin) < ¢B. If k(1) < cP, then ” = 1 and € = B + ¢P are equilibrium
cutoffs. If k(1) > ¢, then by the intermediate value theorem there exists v* € (e, 1]
such that x(v*) = ¢, and e = v* and € = ¢(v*) are equilibrium cutoffs. Hence, there
exist equilibrium cutoffs €?® and e such that e < €. If 5% = rB 4+ ¢B, then we have
=e° =rBycBande” = 1. If o8 > TB+CB, then we have rB4¢B < ¢i© < %0 < % < 1.
To show that e? < e, suppose to the contrary that e > e¢°. Then ¢” < 1, and thus

e’LO

G(e°]in) > 0. Since G(-|in) is nondecreasing, we have

B = (e —rP)G(e|in) / G(ylin)dy

IN

(e — TB)G( “lin) + (¢ — )G (e |in) < (e” —rP)G(e”|in)

(e —rBYG(e']in) = CB,

IN

ot 0
76 )

a contradiction. Hence, any equilibrium cutoffs (e?, e ') for auction B such that
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elo < o satisfy rB 4 B < o0 < e < el < % < 1 with € < €% if and only if
o8 > B 4 B,

To prove the uniqueness of equilibrium cutoffs for auction B, suppose that e(0) < 1,
f is nonincreasing in the second argument, and fel(y) f(x,y)dx is nonincreasing in y. Note
that G(-lout) and G(-|in) are differentiable almost everywhere with their derivatives given
by

fOe(Z) f(xv Z)d$
S W f (@, y)dady

G'(z|out) =

and

fel(z) f(z,2)dx

et = Jo Sy f(@sy)dady

almost everywhere. Since f is nonincreasing in the second argument, G’(-|out) is nonincreas-
ing, and thus G(-|out) is concave on [0,1]. Then by Proposition 5(i) of Tan and Yilankaya
(2006), there are no equilibrium cutoffs € and e® such that % > e%.

The functions ¢ and k are differentiable almost everywhere, and the derivative of x is

is given by

K (v) = (¢(v) = rP)G (¢(v)[in)¢' (v) + G (vlin)
2 G'(¢(v)in) G'(v|out)

= G(olin) |1 = (@) =) =TT Clolou)

almost everywhere. Since G(-|out) is concave, for all v € (e, 1), we have

G'(v|out)

<
G(v|out) —

11
v ~ ov) =P

¢(v)

Since e(0) < 1, we have v® = 0. Since fel(y) f(z,y)dz is nonincreasing in y, G'(-|in) is

nonincreasing, and thus G(-|in) is concave on [0, 1]. Then for all v € (€°?,1), we have

G'(p(v)lin) _ G ($v)]in) _ 1 1
G(vlin) = G(o(v)]in) = d(v) = o(v) — 1B’

By (24), /(v) > 0 almost everywhere on (e, 1), and thus & is increasing on [e°, 1]. Hence,
equilibrium cutoffs €’ and e are uniquely given by e = sup{v? € [, 1] : k(v?) < B}
and €% = ¢(e). O

Proof of Proposition 2: Suppose that (e, e, e, e, e) is an equilibrium such that e is
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continuous almost everywhere and rB B < el < e% < e < % < 1. Since e is continuous
almost everywhere, we can define G(-|out) and G(-|in) as in (14) and (15), respectively, as
long as fol foe(y) f(z,y)dxdy > 0 and fol fel(y) f(z,y)dxdy > 0. Given G(-lout) and G(:|in),
the cutoffs (e, e, ', e") are characterized by (18)—(21).

Let é(vB) = max{e(v?),r4} for all vB € [0,1]. Consider a bidder with valuations
(v, vB). Suppose that the other bidder uses e as the cutoff function for auction A and
that the two bidders make participation decisions for auction B according to the cutoffs

(€%, ¢e% e, e"). Let w4 (v?) be the bidder’s expected payoff in auction A provided that he

participates. Then we have

—cA if0 < oA < TA,
= oSS A =) () dady (25)
+f0 fmln{e( ), }( A )f(xay)dxdy—CA if ’I”A <7)A < 1.

7TA<’UA)

Let 78(v®|in) be the bidder’s expected payoff in auction B after participating in auction
A (before learning the other bidder’s entry decision in auction A), and let 72 (v?|out) be
that after not participating in auction A. Then we have
(0 if 0 <P <efo,
o1 1
IS @8 = rB) f (@, y)dady — B [ [5© f(x,y)dudy

if e < vB < eii
WB(UB|ZTL) == o1

Jo e(y)(v —r5) f(z, y)dﬂfdy-l-fmax{e v }fo y) f(z,y)dxdy
+ fO fe(y) -T )f(fL‘ y)dIdy + fn fe(y) - y)f(a:,y)dxdy —cP
if e < ovB <1,
and
0 if 0 < oP < e,
I foe —rB) f(a, y)dady + [Ba [{V WF — ) f(x,y)dady
e( ) 00 o1
AP wBlouty = | o Iy @ v)dady if e < 0P < e,
s fo —B) [, y)dady + [ fo y)f(w,y)dxdy
+Jy f " = 1P)f(z, y)dady + [ f (V" = y)f (@, y)dady — P
if e < vB < 1.
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Let TIB(vP) = nB(vBlin) — 78 (v®B|out) for all v& € [0,1]. Then we have

(

0 if 0 <P < el
& JeW B — B) f (e, y)dady — B [ [5) f(z,y)dedy

if eto < vB < e0°,
fvegz f(]E(y)(’UB - B)f(m Yy dxdy+ foo fo f(:L‘ y)dﬂjdy

8 (uP) = if e%° < 0B < el 26)
f fo rP) f(x, y)dﬂﬁdy-i-foo fo f(x y)dxdy
+f0 fe y — ) f(z,y)dxdy + fe“ f )V f(z,y)dxdy
—cP f() f f(SU y)dxdy if e“ < B < 6017
feoo fO f(x y)dxdy + fezo f TB)f(x,y)dﬂfdy
if e” < B < 1.

Since e is continuous almost everywhere, the integrals in (25) and (26) are well-defined.

Since 1iva~>(rA)+ m A(UA) = —cA, 74 is continuous. It is piecewise differentiable with
ari(wh) {0 0 < o < 4. o
doft | et p g y)dady i et <0t < 1

Thus, 74 is constant on [0, 7] and increasing on [, 1]. Using (18)—(21), we can show that

17 is continuous. It is piecewise differentiable with

0 if 0 <oP < e,

I (o) f fo @) y)dzdy if e’ < vB < 60,0"
B~ f fo @) y)dzdy if e < vB <eft,  (28)

f fo @) y)dxdy + fo fe(y f(z,y)dzdy if e < vB < e,

if e” < vB < 1.

20

, eoi] .

Thus, 17 is constant on [0, ¢%] and [¢%, 1] and nondecreasing on [e
The bidder prefers entering auction A if and only if 74 (v4) + II®(v®) > 0. Since e is

an equilibrium cutoff function for auction A, it satisfies

<0 ife(v?) >0,

29
>0 ife(vB) <1, (29)

w4 (e(v?)) +HB(vB){

4 is continuous and increasing on [r4, 1] and II? is continuous

for all vP € [0,1]. Since 7
and nondecreasing on [0, 1], the function e is continuous and nonincreasing on {v? € [0, 1] :

e(v?) > r4}. Since TP is constant on [0,e*] with IIZ(0) = 0, e is also constant on
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[0, €%], regardless of whether e¢(0) = 1 or e(0) < 1. We show that e(0) > 74 + ¢4 If
e(0) = 1, the result holds since 74 < 1 — ¢, So we consider the case of ¢(0) < 1. Since
¢ is nonincreasing, we have é(v?) < ¢(0) < 1 for all v® € [0,1] and thus dn?(v?)/dv? =
fol fomax{é(y)’UA} f(z,y)dxdy < 1 for all v* € (r4,1). Hence, 74 (v4) < v4 — 14 — ¢4 for all
vA € (r4,1). Since 74(e(0)) = 0, it follows that e(0) > 74 4 ¢A.

By comparing IT%(1) and ¢, we can consider the following three cases.

Case 1. TIP(1) < ¢4
In this case, (29) implies that e(v?) > r4 for all v® € [0,1]. Then, from (28), we can

0 e”] and constant on [e”,1]. Thus, e is decreasing on

see that TP is increasing on [¢%, e

[e, %] N {vB € [0,1] : e(v?) < 1} and constant on [e®, 1]. Since e is continuous on [0, 1],

74 is continuously differentiable with positive derivative at any v4 € (7“4, 1), while TI7 is

continuously differentiable except at €, e®, €%, and e®. Hence, by the implicit function

theorem, e is continuously differentiable on {v? € [0,1] : e(v?) < 1} except at €, %, ¥,

and e%.

Case 2. TIB(1) > ¢4

Since 17 is continuous and nondecreasing with I1%(e?°) = 0, the set {v® € [0,1] :
T2 (vP) = ¢4} is an interval [v1,vs] where € < v; < vy < €. Then (29) implies that
e(vB) > r4 for all v8 € [0,v1), lim, 5, e(vB) =714, 0 < e(wB) < 74 for all vB € [vy, 9],

and e(v?) = 0 for all vB € (vy,1]. Since e is continuous on {v? € [0,1] : e(v?®) > r4}

v and

eOO]

and e(0) > r4 + ¢4 > 0, we can see from (28) that IIZ is increasing on [e
i %] and that it is increasing around v? € (€%, ¢%) if e(v®?) > r4. Hence, e is decreasing

[e", e

on [e®,v1) N {v? € [0,1] : e(v?) < 1}. Since e is continuous on [0, v;), IT? is continuously

00

differentiable on (0, v1) except at €, %, €%, and e°’. Hence, e is continuously differentiable

on {vB €[0,1] : 74 < e(vP) < 1} except at €, €%, e¥, and €.

First, we consider the case where [v1,v3] is non-degenerate (i.e., v1 < vg). Note that

dI1P (vP) /dv®? is nonincreasing on [, €], and thus we have e < v; < vy = e and

F)

,€
e(vB) = 0 for almost every vP € [v1,vs]. Then G(:|out) has support [0,v1], and so we
write 7% = v1. Suppose that e = 55. Then from (18), we obtain e = r? + ¢B. Since
rB 4 B < el < e we have € = €. However, this contradicts 1% (e®) = 0 and
18 (v1) = ¢A. Hence, we have e < 5.

Next, we consider the case where [v1,v2] is degenerate (i.e., v; = v2). Again, G(-|out)

B = v;. Suppose that 77 < e, Since e(v?) = 0 for

has support [0,v1], and so we write T
all vB € (P, 1], TP is constant on [07, e]. Then IIZ(vB) = ¢4 for all v? € [65, %], which
is a contradiction. So we have T2 > .

B u]

To sum up, when [v1,vs] is non-degenerate, we have [v1,v2] = [07,€¥] where v7 €

(€%, ¢e'), and e(vP) = 0 for almost every v® € [07,e¥]. When [v1,vs] is degenerate, we
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have [v1,v9] = {vP} where ©P € [/, e%). In either case, we have G(e|out) = 1, and thus
we obtain e = rB + ¢ by (20).

Case 3. TIB(1) = ¢A

Since I is constant on [e”, 1], the set {v? € [0,1] : TIB(vP) = ¢4} is equal to [e, 1].
Then (29) implies that e(v?) > r4 for all vP € [0,e%), limp_, (oiy- e(vB) = r4, and
0 < e(vB) < 74 for all vB € [e”,1]. Following the same argument as in Case 2, we can
show that e is decreasing on [¢?, e®) N {vP € [0,1] : e(v?) < 1} and that it is continuously
differentiable on {v? € [0,1] : 74 < e(v?) < 1} except at €, e, €, and .

Suppose that € = €. From (18) and (20), we have G(e®|out) = G(e°|out), which
implies e(v?) = 0 for almost every vP € (e°°, e%). However, this cannot occur in any of the
above three cases. Hence, it follows that e < €.

We have e(vP) = 1 if and only if 74(1) +T1%(v?) < 0. Suppose that e(v?) = 1 for some
vB € [0,1]. Since II” is continuous and nondecreasing, the set {v? € [0,1] : I (v?) <
—m4(1)} is an interval [0,v3] where 0 < v3 < 1. We show that e(1) < 1. Suppose to the
contrary that e(1) = 1. Since e is nonincreasing on {v” € [0,1] : e(v?) > r4}, we have
e(vB) =1 for all v® € [0,1]. Then we have 74 (v4) = v4 — r4 — ¢4 for all v € [r4,1],
which yields 74 (e(1)) = 1 — 4 — ¢4 > 0. Since ITZ(1) > 0, we have 74(e(1)) + IIZ(1) > 0,
which is a contradiction. Hence, we have vs < 1. Then G(-|in) has support [vs, 1], and so

B

we write v = v3. From (19), we obtain ¢” > vB. Since II” is constant on [0, ¥°], we have

QB > eio' O
Proof of Proposition 3: Let
B 1
B B A °
Jo T SS fay)dady

Let C[0, 1] be the set of continuous functions from [0, 1] to R, equipped with the uniform
norm || - ||. Let K C C0,1] be the set of functions e : [0,1] — [0, 1] such that e is Lipschitz
continuous with Lipschitz constant L, is nonincreasing, is constant on [0,7% + ], and
satisfies e < e(0) < 4 and e(l) > r4. Note that K is nonempty and convex. Moreover,
K is uniformly bounded, closed, and equicontinuous, and thus it is compact by the Arzela—
Ascoli theorem.

Choose any function e € K, and define G(-|out) and G(-|in) by (14) and (15), re-
spectively. Since e is monotonic and 0 < e < e(0) < et < 1, G(-lout) and G(-|in) are
well-defined with supports [0, 7] and [0, 1], respectively, and satisfy G(z|in) < G(z|out) for
all z € (0,1), as in the proof of Proposition 1.
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From (24), we can see that
5 G'(p(v)|in) G'(v]out)
G(vlin) G(v|out)
Jetooy T @ 0@z [€0) (2 p)da ]
Jo fel(y) f(z,y)dzdy [ foe(y) f(z,y)dzdy

nﬁ»—Gwme—wmw—r%

= G(vlin) [1 — (¢(v) —rP)?

for almost every v € (e°,1). Since e < v < 1 and rB + ¢ < ¢(v) < e, we have
0<o(v )—7" <1-78,0< f(¢ )f( Lo(v))dr < (1 —rM)f, 0 < foe(v) f(z v)d:c<éAf

fo f flx,y)dxdy > fr Pe? fA f(z,y)dxdy > 0, and fov foe(y) f(z,y)dxdy > fr Fte? fo (z,y)dzdy >
0. Hence the assumption that

rBycB 1 rBycB gA
(1 =rP)2(1—r)et 2 < /0 /A f(x,y)dzdy x /0 /0 (@, y)dady,

implies that & is increasing on [e??, 1]. Then, the conditions (18)—(21) determine equilibrium
cutoffs (e%°, €%, e, e) for auction B uniquely, and they satisfy 77 +cB < el < e < ¥ <
e’ < 1, since 78 > rB 4 ¢B.

Given the cutoff function e for auction A and the equilibrium cutoffs (e, e, e, ')
for auction B, we can define 74 and II” by (25) and (26), respectively. Since 1% + ¢ <

e’ < e <e” <e” <1, we have

1 1 1
B —TB T i = —TB
e [ -y = [ - swy

By the assumptlon that f Byn(Y rB) f5(y)dy < ¢*, we have TT%(1) < 4.
For all vB € [0, 1], define Te(v ) by

4 (Te(v?)) + I8 (vP) = 0. (30)

Note that 0 < IZ(v?) < ¢4 for all v# € [0,1] and that 74 is increasing on [r4,1] with
74(rd) = —c and 74(1) > 0. Hence, for each v® € [0,1], there exists a unique number
Te(vP) € (r4,1) satisfying the condition (30). So we have Te(1) > r4. Note also that Te is
continuous and nonincreasing and that it is constant on [0, €], which includes [0, 7" + cB].
Since TIZ(0) = 0, we have 74(Te(0)) = 0, and thus ¢4 < Te(0) < e4. Since e is constant

on [0,78 + cP] with e(0) > e, we can see from (27) that

/ / f(z,y)dxdy

dvA
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for all v4 > 4. Also, from (28), we can see that

<1

dI1B (vB)
dvB

wherever 118 is differentiable. Note that 74 is continuously differentiable with positive
derivative at any v* € (r4,1) and that II? is piecewise continuously differentiable. By the

implicit function theorem, T'e is piecewise continuously differentiable, and its derivative is

given by

B ’UB

dTe(v?) B de,U(B )
dvB  dnA(Te(wP))

dvA

wherever it is differentiable. Hence, we have
‘dTe(vB ) 1 _ 7
B = T BB oA -
dv Jo TS F@,y)dady

for all v2 € (0,1)\ {€%, e, e, e}, and Te is Lipschitz continuous with Lipschitz constant
L. So Te belongs to the set K.

We can regard 7" as a function from K to itself. Moreover, T is continuous (see Lemma 1
below). Then, by the Schauder fixed point theorem (see, for example, Corollary 17.56 of
Aliprantis and Border, 2006), there exists a fixed point e* of T" such that T'e* = e*.

For any fixed point e* of T, consider the cutoff strategy (e*, e, e”, e, ") where the
cutoffs (€%, e, e, ) are the equilibrium cutoffs for auction B given the cutoff function
e* for auction A. Suppose that e* is prescribed for auction A in an equilibrium. When
a bidder follows e*, he enters auction A with positive probability and does not enter with
positive probability. Thus, even when he deviates from e* in auction A, the belief of the
other bidder is still determined by e*, and the equilibrium cutoffs for auction B are not
affected by his deviation. The condition (30) means that it is optimal for a bidder to follow

x

e® in auction A given that the other bidder uses e* for auction A and that the equilibrium

cutoffs for auction B are determined by e*. Therefore, (e*, €%, e”, €', e") is an equilibrium.

O
Lemma 1. The function T : K — K is continuous.

Proof. Choose any sequence {e,}>°, in K that converges uniformly to some function e.
Since K is closed, e belongs to K. From e, we can derive G(-|in), G(-|out), (€%, e%, e, ™),
74, I, and Te uniquely. Similarly, for each n = 1,2,..., we can derive these objects
uniquely from e,, and we use the subscript n to signify the derivation from e,. We show

that the sequence {Te, }>2; converges uniformly to Te following four steps.
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Step 1. The sequences {Gy(-]in)}o2; and {Gy(-Jout)}>2; converge uniformly to G(-|in)
and G(-|out), respectively.
For notational simplicity, we use f instead of f(x,y) as the integrand in the proof of

this lemma. For any n =1,2,... and any z € [0, 1], we have

foz feln fdzdy fo f fdz:dy
fO fen dedy fO fe(y) fd$dy
z rl z rl 1 r1
N fen(y) f dxdy x fo fe(y) fdzdy — [; fe(y) fdzdy x [ fen(y) f dxdy
fo f () | dwdy % fo f ) f dady
z rl 1 pl
fo fen(y) fdxdy x fz fe(y fdxdy — fo fe(y) fdxdy x fz fen(y) fdzxdy

Jo I o £ dady x [ [}, f dady
1

Jo S o £ddy < [ [ fdxdy‘

z 1 z 1 1 1
/ / fdxdy x / fdxdy — / / fdxdy x / / fdxdy
0 Jen(y) z Je(y) 0 Jen(y) z Jen(y)
z pl 1 1 z gl 1,1
+/ / fdady x / / fdxdy — / / fdxdy x / / fdxdy
en(y) en(y)

|Gn(z]in) — G(z|in)| =

il S o £ dxdy x [1 [0 fdzdy — 7 [79 fdedy < [ [ fdmdy‘
- ‘ S L f dedy fO fe(y) fd:rdy‘
Jo f w(y) e"(y) fdxdy‘ 6(y fdxdy‘
- fen \ fdady| | [y [, dady|
I g deds| 5 S fdmdy\ Fllen—el
’fo ’fo f fd:vdy‘
Thus, for any n =1,2,..., we have
|Galin) — G i) < —L len=cl
S ey
Since lim,, o ||len — €|| = 0, we have lim,,_,~ |Gy (-|in) — G(:|in)|| = 0.
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Similarly, for any n = 1,2,... and any z € [0, 1], we have

JEJe® pdzdy  [Z [ f dady

e ® fdady [ f dady

Ji Jir @) f dady x [ [29 f dady — J7 f5 f dedy < [3 e f drdy
fol foen(y) [ dzdy x fol foe(y) fdxdy

foz foe"(y)fd:ndy % le foe(y) fdady — foz foe(y)fdacdy " le foe"(y) F dudy

fol foen(y) fdxdy x fol fody) fdxdy
1

X
f(]l Oen(y) fdxdy x fOl foe(y) fd:cdy‘

z ren(y) 1 re(y) z ren(y) 1 ren(y)
/ / fdxdy x / / fdxdy — / / fdxdy x / / fdxdy
0 Jo z Jo 0 Jo z Jo
z ren(y) 1 ren(y) z re(y) 1 ren(y)
+/ / fdxdy x / / fdxdy — / / fdxdy x / / fdxdy
0o Jo z Jo 0 Jo z Jo

=5 S dwdy x [1[55 Fdady 4[5 [0f f dedy x 1[5 f dady
‘fol o) f dady x [ [V fdxdy‘

S 5 dedy| -+ 5 S f o

Jo Sy g dady| [ 5 1

= ren(y) .
J5 I £ dady o Fllea—el

|Gr(z|out) — G(z|out)| =

foz oen(y) f d%’dy‘

le foen(y) f dxdy’
<

I ]+

<
< S < y
fOrB+cB OgAfdl‘dy} f(;,-B+CB fogAfd;Edy‘
Thus, for any n = 1,2, ..., we have
|G (lout) — G(out)]| < —en =l
rB4cB eA
fO 0 fdl'dy
Since lim,, o ||en — €|| = 0, we have lim,,_,« ||Gp(-|out) — G(-|out)|| = 0.

Step 2. The sequence {(e2°,e%, e, el)}> | converges to (e, e%, i, ™).

As in the proof of Proposition 1, we define A(v?) = (v® — rB)G(vB|out) for all v? €
[rB1]. For all n = 1,2,..., let A\, (v®) = (vP — rB)G,(v®B|out) for all v& € [rB,1]. Since
Gn(z|out) > 0, for all n = 1,2,..., and G(z|out) > 0 for all z > 0, the functions A, for all
n=1,2,..., and X\ are increasing on [TB , 1], and thus their inverses are well-defined with

domain [0,1 — rB]. Since |\, (v?) — A(©B)| = [vB — 7B||G,(vB|out) — G(vP|out)| for any
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n=1,2,... and any v? € [rZ, 1], we have
1A = All < (1= rP) |G (-out) — G(-out)||

for any n = 1,2,.... Since lim, o ||Gp(-lout) — G(-|out)|| = 0, we have lim, o0 || A — Al| =
0. Since {\,} converges uniformly to A and \ is continuous, {\, '} converges uniformly to
A~ on [0,1 —7P] (see Theorem 1 of Barvinek et al., 1991). Note that c® € (0,1 — rB),
€2 = A\ Y(cP), for n = 1,2,..., and e = A71(cP). Since uniform convergence implies
pointwise convergence, {€%°} converges to e®.

The convergence of {ei’} to e can be shown analogously as above, with Gy, (:|out) and
G(-lout) replaced by G, (:|in) and G(:|in), respectively.

Next we show the convergence of {(e%,ei)} to (e, e?). Recall the definitions of
the functions ¢ and k in (22) and (23), respectively, and define ¢, analogously to ¢
using Gp(-lout) and k, analogously to k using ¢, and Gp(-]in). Note that ¢ and
are defined on [e°°,1] while ¢, and k,, are defined on [e%°, 1], for all n = 1,2,.... Let

00 __ 00 00 00
€% = sup{e®, e’ e9°, .. .}.

For any n =1,2,... and any v € [€°°, 1], we have
B B
c c
[$n(v) = o (v)] = Gn(vlout) — G(v]out)
B

= Gawlout)Glojoun) | CWlout) = Gu(vlout)]

Since v > €% > €%, we have G(v|out) > G(e”|out) = cB/(e® —rB) > cB/(1 — rB), and

similarly we have Gy, (v|out) > c¢B/(1 — rB). Thus, for any n = 1,2, ..., we have
(1-— rB)2
5 [IGnlout) = G(-|out)].

6 — 9l <

Since limy, o0 ||Gn(-|out) — G(-|out)|| = 0, we have lim,,_, ||¢n, — @|| = 0 on [€°°,1].
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For any n =1,2,... and any v € [€°°, 1], we have

[fn(v) = K (v)]

cB . v . cB ‘ v .
= mGn(%(UW”) + /qbn(v) Grn(ylin)dy — WGW(UW”) - s G(ylin)dy
cB . cB . cB .
_ \Wc:n(%(vnm) - e GO + s Gléwin)
P alin+ [ Gutlind +/U G(ylin) — G(ylin)ld
Goloud) (o(v)] )+/¢n(v) n(ylin)dy i Yy y Yy
CB ) . . CB CB
< oy |G (On0lin) = Glo(in) + Gololin) |- = ]

+ [6n(v) = 6@)| + (v = 3(0)) |G -lim) — GC[in)]
<(1 = 17) [Gu(6n(v)in) — G(6@)lin)| + 26 — éll + (1 — 17 — ¢B) | Gn(lin) — G(-lin)]|.

Note that
|Gr(dn(v)lin) — G(o(v)]in))|

=|Gn(Pn(v)in) — G(¢n(v)]in) + G(dn(v)|in) — G(o(v)]in)|

< |Gn(dn(v)in) = G(dn(v)]in)| + |G(¢n(v)]in) — G((v)|in)]

<|Gn(lin) = G(-|in)|| + Sup |G (z]in) | |¢n(v) — ¢(v)]

. . f
SNGnl(lin) = GClin)[| + ———————ll¢n — 4|
Jo o £ dedy
Hence, for any n = 1,2, ..., we have
_.B
I = ]l < [2(1 = 1) = B Gl im) — GC-fim)] + 2+(1”] -
I ls f

Since limy, ;o0 [|Gn(+|in) — G(:|in)|| = 0 and limy, 0 ||@n, — @|| = 0, we have limy, o0 || — K| =

0 on [e*°, 1].

Suppose that x(1) < ¢®. Then ¢” = 1 and € = rB + ¢B. Since {k,} converges
uniformly to x on [€°°, 1], {Kn( )} converges to x(1). Hence, x,(1) < ¢® for sufficiently
large n, and 2 = 1 and € = 78 + cP for sufficiently large n. This implies that {(e%, ei)}
converges to (e”, ™).

Suppose that x(1) > c¢?. Recall that x(e”) < c¢®. Choose any £ € (0,c? — k(e®)).
Since k is continuous at e, we can find 6 > 0 such that x(e®® + §) < k(e®’) + €. Since

{e9°} converges to €%°, we have e%° < e + ¢ for sufficiently large n. So without loss of
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generality we assume that €°° < e® + 4. Since {k,} converges uniformly to x on [€°?, 1], we
have ki, (e +6) < r(e%) +e and k, (1) > cP for sufficiently large n. That is, for sufficiently
large n, K, and & are defined on [e°+6, 1] with [k(e®®) +¢, ¢P] included in x, ([e®®+4,1]) and
k([e?® + 9, 1]), and we focus on such large n. Since k,, and k are increasing, their inverses
are well-defined on [k(e°°) + ¢,cP]. Since & is continuous, {x; !} converges uniformly to
k=1 on [k(e®) +¢,cP] . Note that €2 = k1 (cB), for all n = 1,2,..., and e” = s~ 1(cB).
Since uniform convergence implies pointwise convergence, {e,‘f} converges to e”. Also, note
that e = ¢, (e2), for all n = 1,2,..., and € = ¢(e). We have e > e + § > &% and
€% > €% + § > &% for sufficiently large n. Since {¢,} converges uniformly to continuous ¢
on [6°°,1] and {e%'} converges to e”, {€?°} converges to e (see Theorem 1 of Kolk, 1999).

B Then we have e = 1 and € = % + ¢B. For any n

Lastly, suppose that (1) = ¢
such that r,(1) < ¢P, we have €2 = 1 and €2 = P + ¢B. Suppose that ,(1) > c? for
finitely many n. Then we have €% = 1 and €/ = rZ + ¢B for all n larger than some finite
number, and the result follows. Suppose that x,(1) > c¢? for infinitely many n. Then we
can focus on the subsequence of {,} such that x,(1) > ¢® and apply the same argument

as in the previous paragraph to complete the proof.

Step 3. The sequences {72}22, and {I1Z}>° | converge uniformly to 74 and ITZ, re-
spectively.

For any n = 1,2, ... and any v* € [r4, 1], we have
Af, A Ag A
| (v) — 7w (v?)]

)fdxdy—k/l/vA (v — z) f dady

mm{en( )04}

B 0 0
1 pre(y)
— / / (v f dxdy — / / —x)f dzdy
0 Jo mln{e(y) vA}
1 ren(y)

min{e(y),v*
fdxdy—i—/ / —z) f dxdy

in{en(y ’L}A}

<o - (/ eals) — ey + [ fmin{en )0} ~ minfe(y) Yy,

Since |min{e,(y), v4} — min{e(y) A}‘ < len(y) —e(y)| for any y € [0,1] and any v
[r4,1], we have for any n =1,2,...

|7t — 74| <20 — 72 f llen —e]| -

Since lim,, o [len — €|| = 0, we have lim,,_,~ HW}? - WAH =0.

Suppose that vB < €. Then for sufficiently large n, we have v < € and !Hf (vB) —TIB (vB)’ =

37



0. Suppose that e < vP < €. Then for sufficiently large n, we have e < vP < €2° and
}HB 'UB o HB('UB)|
en(y) en(y)
fdxdy—c / / fdxdy

/ / By f dedy + P / / fdxdy
en(y) By f dxdy — / / BYfdxdy — ¢ / /(y) f dxdy

Sf[(1+c )Ilen—ellﬂei’f—e ]

Suppose that e < vB < €. Then for sufficiently large n, we have e2° < v? < eif and

11 (v7) = 117 (0")]

n

vB JO
et re(y) v e(y)
—/ / (UB—TB)fdxdy—/ / (y—rB)fdxdy
vB 0 e JO
est ren(y) et re(y)
= / / (UBTB)fdxdy/ / (B —rB) f dady
vB  Je(y) et JO
e ren(y) B v e(y) B
[ ey ey [ = dedy
67010 eoo en Yy

<f(2llen —ell +]eo — | + e — ™).

Suppose that e’ < vB < . Then for sufficiently large n, we have el < B < e and

17 (v7) — 1% (")
<F[(4+ P flew — el 4 [ef = | e = e +2 |eff — e
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Suppose that v > e%. Then for sufficiently large n, we have v? > e and

113 (07) = 117 (u")]

€5 ren(y) 1
(y — rB) f dzdy + / / By f dxdy
ege JO n(y)
e’ pre(y) 1
- / / (y — B f dzdy — / / By f dady
e’ JO
e ren(y) e’ e’ re(y)
/ / (y — rB) f dzdy — / / By f dedy — / (y — P f dzdy
20 () 0 et JO
1 el
/ / — B f dzdy — / / By f dedy — (y — P f dzdy
enly il Je(y)

F (2len — el + €22 — 2] + [e%F — €] + |ei® — o] + | — i)

Suppose that v? € {ef© €% et e}, Since 115 is continuous, the expression for 117 (v? ) can
be chosen to the corresponding one for 12 (v?) for sufficiently large n, and we can obtain

an upper bound of ‘HE(’UB) — HB(UB)| as above. To sum up, for sufficiently large n, we

have
[t
<fmax {(4+cP)[le, — || + [eF — €| +[€2° — | + 2 |elt — "],
2len — el + | — €| + |el — €| + |el? — €| + |l — "]} .
Since limy, ¢ ||en, — €]] = 0, limy, 00 [€2° — €%°] = 0, limy, 00 ‘eff — e"i‘ =0, lim;,— o0 ‘eff — el =
0, and lim,, o ‘eﬁf - e”| = 0, we have lim,, HHE - HBH =0.

Step 4. The sequence {T'e,, }7° ; converges uniformly to Te.

Recall that 72, for all n = 1,2,..., and 74 are increasing on [r4,1], and their inverses

A

are well-defined on [—c?,0]. Since {72} converges uniformly to 74 and 74 is continuous,

{(mH~1} converges uniformly to (74)~! on [—c#,0]. Also, note that

1 <L
() (x)~H(2)) | ~
for all z € (—c*,0). From (29), we obtain Te(v?) = (#)~1(~IIB(v?)) and Te,(v?) =
(7N (~TIB (vB)), for all n = 1,2,..., for all v® € [0,1]. For any n = 1,2,... and any

n

’d(ﬂA)‘l(Z)
dz
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B €[0,1], we have

‘Ten(vB) Te(vB)‘
= |(m) " (I (7)) = (o) T (=117 (o))
= |(m) M (A1 (7)) = ( DL ) + (@ T (0F) = () TP (7))
<|(m) (-1 (UB)) o) T I ()| + () I (0F) = (o) TH TP (o))
<D = D +LHHB .
Since lim,,_so0 H(TI'A i (WA)*lH = 0 and lim, o HHE - HBH = 0, we have lim,,_,, ||Te,, — Te|| =
0. O

Proof of Proposition 4: Since e is monotonic, it is continuous almost everywhere, and
thus Proposition 2 applies. In particular, e is constant on [0, e®] with e(0) > r4 + ¢4, and
e(vB) < 1 for all vP € [¢%,1]. Then following the proof of Proposition 1, we can show that
G(zlin) < G(z|out) for all z € (0,1).

The equilibrium cutoff e” is determined by (4) with k¥ = B. Comparing this with the
conditions (18) and (19) for e and e, we obtain e < e? < €% once we establish that
G(z|in) < Fp(z) < G(z|out) for all z € (0,1). Fix any z € (0,1). Note that

) y)dxd dud
:/0 /Olf(a:,y)dxdy_fo fo X ZH—fo fe(y) f(z,y)dzdy

fo fo y) f(z,y)dzdy + fo f [z ,y)da:dy.

Since a/b < ¢/d implies a/b < (a +¢)/(b+ d) < ¢/d for any a > 0 and b,c,d > 0, the
relationships G(z|in) < Fp(z) < G(z|out) follow from G(z|in) < G(z|out).

The equilibrium cutoff e is determined by (4) with k = A. Note that 74 +¢? < e < 1.
So to show e? > e(1), it suffices to consider the case where e(1) > 74 + ¢4. Since e is

nonincreasing and IT2(1) > 0, we have
0=n" ) +115(1)
/ / N f(z, y)dedy — ¢t + 115 (1)
> [ [ ey - = etr) - ) atelr) o
Since (z—r4)F4(x) is increasing in - on [r4, 1], it follows that e4 > e(1). Next, to show e4 <

e(0), it suffices to consider the case where e(0) < 1. Recall that é(v?) = max{e(v?),r4}
for all v® € [0,1]. Since &é(v?) > 74 for all v& € [0,1], ¢(0) > 74 4 ¢4, and e is decreasing
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on some non-degenerate interval, we have

0=7x4 )+HB(0)

// ) — A xydxdy+/ / )f (=, y)dzdy —
/ / ) — 1) f(z,y)dzdy — / /6(0 (z —r) f(z, y)dwdy — ¢!

< /0 /0 (e(0) — ) f(z y)dady — ¢ = (e(0) — ) Fa(e(0)) — e,

It follows that e < e(0). O
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